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ABSTRACT. 
Wavelet transforms are efficient tools for structural health monitoring (SHM) 
and damage detection. However, these methods are encountered with some 
limitations in practice. Thus, signal energy analysis is used as an alternative 
technique for damage detection. In this paper, discrete wavelet transforms 
(DWT) and Teager energy operator (TEO) is applied to the curvature of the 
mode shapes of the beams, and the locations of the damages are identified. 
The results show that in comparison with the discrete wavelet transform, the 
signal energy operator has better performance. This superiority in detecting 
the damages, especially near the supports of the beam, is obvious and has 
enough sensitivities in low damage intensities. Additionally, the damage 
detection in the cases that the response data are noisy is investigated. For this 
purpose, by adding low-intensity noises to the curvature of the mode shapes, 
the abilities of the mentioned methods are evaluated. The results indicate that 
each method is not individually efficient in the detection of damages in noisy 
conditions, but the combination of them under noisy conditions is more 
reliable. 
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INTRODUCTION  
 
n recent years, structural damage detection is an interesting field for the researchers. From a practical point of view, 
proposing an effective non-destructive technique is a crucial task to maintain the safety and integrity of the structures. 
The previous studies [1] have reported that most of the non-destructive techniques could be categorized as local or 
global damage identification methods. Furthermore, with increasing the size and dimensions of the buildings or structural 
elements, the capabilities of traditional damage detection methods such as ultra-Sonic and X-ray tests or Schmidt's hammer 
are not practically possible. Because such methods require easy accessibility for testing and knowing the vicinity of the 
damage, which cannot be guaranteed in most cases in civil or mechanical engineering. As well, the health monitoring of 
large-scale structures is a time-consuming and costly process.  
The vibration-based damage identification method as a global technique is developed to overcome these difficulties. The 
main idea for vibration-based damage identification is that the damage-induced changes in the physical properties such as 
mass, damping, and stiffness will lead to detectable changes in natural frequencies, modal damping, and mode shapes.  
Therefore, with the appearance of modern computer facilities and digital signal processing techniques, new research on 
SHM has seriously been started. Ratcliffe [2] presented a structural health monitoring method that could identify the damage 
without requiring the modal data of the intact structure. He utilized the curve-fitting technique of mode shape's curvature 
in one-dimensional beams. In this discipline, Weng and Deng [3] used the wavelet transforms for the detection of small 
transverse cracks in static and dynamic loadings for pinned-pinned and clamped-free beams. Hou et. al. [4] examined wavelet 
capabilities for damage detection for a system with the mass and spring as a single degree of freedom model. They claimed 
that the wavelet has enough capability to identify the time of yielding of spring. Chang and Chen [5] conducted research on 
the Timoshenko beam based on wavelet distance. The proposed wavelet successfully recognized the damage on beams 
using the first and second mode shapes. Ovanesova and Suarez [6] utilized stationary discrete wavelet for detecting damages 
in beam and frame type structures. Loutridis et al. [7] carried- out the research for the detection of a crack in double beams 
using continuous wavelet transforms. Chang and Chen [8] studied a cantilever-type beam that the crack was an open crack 
that has been modeled using torsional spring. In their research, Gabor wavelet has been applied to the mode shapes, in 
order to find the crack location. 
Gökdağ, H., & Kopmaz, O [9] conducted the research for identifying crack on beams by a combination of the continuous 
and discrete wavelet. In their research, the combination of the mode shapes of an intact and damaged beam has been taken 
into account under the errors of measurement and local damage. Ruka [10] studied the effects of higher modes in system 
identification utilizing discrete wavelet and showed that applying higher modes will result in better performance. 
 Zhong and Oyadiji [11] considered the modal responses of damaged beams using the finite-element method and 
experimental data. The results showed that the discrete wavelet when the sampling rate is high could not obviously detect 
the details of the synthesized signal. In addition, in further research, Zhang and Oyadji [12] considered the reconstructed 
mode shapes for damaged beams using a discrete wavelet method. They could identify the damage with a 4% intensity for 
hinged support beams.  
Algaba et al. [13] defined a new damage index composed of natural frequency and mode shape for damage detection using 
continuous wavelet. The proposed method could not be able to identify low damages. Therefore, Solís et.al [14] developed 
a new damage index for low damages with 5% and 10% intensities. However, both indexes were not able to identify the 
damages for noisy conditions.  
Khorram et.al [15] implemented continuous wavelet and factorial texting techniques for the detection of multiple damages 
on beams. Cao.M, et.al [16-17] studied the damage detection for noisy data. In their research, the mode shape curvature 
polluted by noise with a given signal to noise ratio. When the wavelet transforms are not able to identify the damage, a 
combination of wavelet and Teager energy of signal could identify the damages with the intensity of 5 %. Akbari and 
Ahmadifarid [18] applied the discrete wavelet transform and energy operator for damage detection of the two-dimensional 
frames. There are two main reasons for the study on damage detection of simple structures like beams: (1) most of the 
structures or their major components in civil and mechanical engineering could be simplified as a beam or plate. 
(2) the problem of identifying specific damage in a beam/plate provides an important benchmark for the effectiveness and 
accuracy of the identification techniques. Therefore, in this paper, the damage identification of beam structures in different 
support conditions and also various damage scenarios have been carefully investigated. 
To the knowledge of the authors, multiple cracks usually cause damages with low intensity, which are difficult to be detected. 
This could be much more difficult when the damage is close to the supports. The authors believe that damage identification 
in such cases has not received enough attention and comprehensive studies in this regard is required. Therefore, this paper 
focuses on the evaluation of multiple cracks detection near the supports of the beams.  
I 
                                                                  J. Akbari et alii, Frattura ed Integrità Strutturale, 52 (2020) 269-280; DOI: 10.3221/IGF-ESIS.52.21 
 
271 
 
For this purpose, the mathematical models of two-beam structures with different boundary conditions, including pined-
pined and clamped-clamped, were established in MATLAB [19] by the finite-element modeling, using Bernoulli beam 
elements. Two different signal-processing techniques are employed for crack location detection in different damage 
scenarios by application of mode shape curvature in the absence and presence of noise in the data. 
 
 
SIGNAL PROCESSING TECHNIQUES 
 
n this paper damage detection of beams with different boundary conditions using discrete wavelet transforms (DWT), 
Teager-energy operator (TEO) and the combination of them have been explored. The reason for applying the 
mentioned methods is due to the capabilities of the methods for damage detection, especially in the presence of noisy 
conditions.  
 
Discrete Wavelet Transforms (DWT) 
Wavelet functions are composed of basis functions that have the capability of synthesizing the signal in time (location) 
and frequency (scale) domain.  In wavelet analysis, the mother wavelet function is defined as Eqn. (1)  
 
  a,b 1 t-bψ t = ψ .aa
              (1) 
 
Mother wavelet in addition to time t, is described with a,b  parameters in which they are the scaling and transformation 
parameters, respectively. Transformation of continuous wavelet for an arbitrary function, f(t) , is written as Eqn.(2) 
 
     *1 t - bCWT a,b =   f t .ψ dt  ,
aa
            (2) 
 
where J Ja=2 , b=2 k . Parameters J,k  are the indexes of the synthesizing level of an arbitrary signal. By substitution of these 
parameters in Eqn.(2), Eqn.(3) could be written as follows. 
 
    -J + * -J2
-
D .WT(J,k)=2 f t .ψ 2 t-k dt 


         (3) 
 
According to Eqn.(3), two types of filter is imposed on the signal. The first one is low- pass filter imparted as a scaling 
function or father wavelet that shows the approximation of a signal, and the second one is a high-pass frequency filter that 
accounts for the signal components in the higher frequencies (signal details). The coefficients of approximation and details 
are calculated as Eqn.(4) 
 
 
   
   
+
j
-
+
j
-
cA k = f(t)θ x dx ,
cD k = f(t)ψ x dx ,






          (4) 
 
where θ(x) is the scaling function or the father wavelet and ψ(x)  is a mother wavelet [20]. The relation between mother and 
father wavelets could be written as Eqn.(5) 
 
    mm md θ xψ x ( 1) dx            (5) 
 
In this paper, for signal processing and damage detection, the Daubechies and Symlet wavelets [19] with different scaling 
have been implemented. 
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Teager -Kayser Energy Operator (TEO) 
The free vibration response of the single degree of freedom (SDF) system with concentrated mass m and stiffness k  is 
written as Eqn.(6) 
 
   x t =Acos(ωt+θ),           (6) 
 
where, x(t)  is the time variable position of the mass, A is the peak amplitude of the vibration, ω  refers to the natural 
frequency of vibration and θ  is the phase angle of the free vibration. For the mentioned SDF system, the total energy is 
computed as Eqn.(7)  
 
 2 2 2 21 1 1E  (t)= kx + mv E= mω A
2
 
2 2
.         (7) 
 
This equation indicates that the energy of a system is dependent on the frequency and amplitude of the vibration. For a 
discrete signal, the free-response could be written as Eqn.(8) 
  
    
n-1
n
n+1
x =Acos Ω(n-1) + Φ
x =Acos Ωn+Φ
x =Acos Ω(n+1) + Φ
      
      (8) 
 
where   refers to the natural frequency of the system and  is the phase angle of the vibration. After processing and 
simplifying the above equation, the following equation could be obtained as Eqn.(9) 
 
  2 2 2n n-1  n+1A sin Ω = x  x x          (9) 
 
Then, Teager- Kayser operator for a discrete signal nx  is defined using   and could be present as Eqn.(10) 
  
2
n n n-1  n+1.[x ]= x  x x            (10) 
 
 
PROBLEM DEFINITION 
 
n this paper, the single and multiple damage detection for the beam-type structures with pined-pined and clamped-
clamped boundary conditions were investigated. For the steel beams as depicted in Fig. 1 the geometrical and 
mechanical specifications are presented at Tab.1 
 
Figure 1: The schematic figure of the studied beams (a), and the schematic locations of multiple damages (b).  
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Length (m) b (mm) h(mm) 3ρ (kg/m ) E (GPa)  
5.0 100 50 7850 210
 
Table 1: Mechanical and geometrical specifications of the studied beams. 
 
For finite element modeling, the beam length is evenly divided into 100 elements. Thus, the length of each element is 50mm. 
The modal information of the beams has been extracted from a finite - element modeling of each beam. 
In order to simulate the damaged finite element model, the height of the damaged element is reduced to 0.95h e.g. dh =0.95h
for 5% damage. The modal curvature of the beam (Φ ) is calculated using the central finite difference method as Eqn.(11).  
 
 2
Φ(L-ΔL)-2Φ(L)+Φ(L+ΔL)Φ =
(ΔL)         (11) 
 
 where, ,Φ  are the mode shapes and the curvature of mode shapes, respectively. As well, L refers to the length of the 
beam. Here, for studying of the damage detection in the noisy conditions, the signal to noise ratio (SNR) is defined. This 
ratio is introduced as the ratio of the power of the input signal without any pollution, to the power of the white noise signal. 
This ratio is a criterion for comparing the desirability of a signal to the noise and is defined as Eqn.(12)  
 
 signaldb 10
noise
p
SNR =10log ( )
p
          (12) 
 
where, signal noiseP , P are the power of the signal and the power of noise, respectively. The higher values of SNR for a signal 
indicates the lower contamination of the signal. In this paper, SNR is set to 75, 65 and 55 dB for providing the noisy data.  
 
Scenario 
no. 
Support  
condition  
No. of 
damaged 
elements 
Damage 
Intensity (%)  
Order of mode 
shape in signal 
energy  
Order of mode 
shape in 
wavelet 
1 Pined-Pined 20,30,80  5,5,5 1 4 
2 Pined-Pined  48,51,54  5,5,5 1 3 
3 Pined-Pined  5,95  5,5 3 1 
4 Pined-Pined  1,99  5,5 6 1 
5 Pined-Pined  20,50,80  10,10,10 1 3 
6 Pined-Pined  20,50,80 5,10,15 1 3 
7 Clamped-Clamped 10,20,90  5,5,5 5 3 
8 Clamped-Clamped 20,23,26 5,5,5 3 3 
9 Clamped-Clamped 30,45,80 5,10,15 3 3 
 
Table 2: The proposed scenarios of damage detection on beams without noisy conditions. 
 
Results without noisy data  
In this section, damage detection for multiple- damage detection for pined-pined and clamped-clamped boundary conditions 
has been presented. For this purpose, several scenarios with and without noisy conditions have been designated. Firstly, the 
modal data for intact and damaged beams are extracted, and then the discrete wavelet is imposed on the mode shapes using 
MATLAB functions [18]. Secondly, using Eqn.(4) the coefficients of discrete wavelets are obtained, and employing Eqn.(10), 
the energy of the signal is obtained. In Tab. 2, the designed scenarios for damage detection without noise on the beams 
have been presented.  
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Fig. 2 illustrates the damage detection results corresponding to the scenarios No. 1. In Figs. a and c the signal energy method 
has been successfully identified with the damaged elements with clear knobs. This method can identify the multiple damaged 
elements with a distance of the elements equal to 15cm. However, as can be seen from graphs b and d, the wavelet transform 
did not succeed in the detection of the damages with a low intensity equal to 5%. 
 
Figure 2: Damage detection using signal energy (a,c) and wavelet (b,d) for scenarios 1,2. 
 
According to graphs b,d in Fig. 2, in the wavelet method, the disorders (irregularities) in two ends of the support of the 
beams are observed. Therefore this dilemma makes damage detection a difficult task. In order to overcome this problem, 
the mode shape has been extended from both ends of the beams. For this purpose, from each side of the supports, 50 
elements have been artificially added to the finite - element model, and the results are depicted in Fig. 3.  
 
Figure 3: Damage detection using wavelet for scenario no.3. Damages in elements 1 and 100 (a), and Damages in elements 5 and 95 (b). 
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As illustrated in Fig. 3, compared to the energy method, wavelet transforms are very sensitive with respect to the starting 
position of extension and disorders have been appeared in these positions, and this drawback made the damage detection 
impossible. Additionally, the performance of the first mode shape was better in comparison with the use of higher mode 
shapes. In other words, when the higher mode shapes have been used for finding the locations of damaged elements, 
negligible knobs or disorders have been seen. Therefore, by these small disorders, detections were not possible.   
As depicted in Fig. 4, signal energy could successfully detect the damages near the supports of the pined-pined beams, while 
the fictitious mode shape extension from the end of the beams is unnecessary.  
 
 
Figure 4: Damage  detection  using  signal  energy  for scenario  no.3 and no.4.  Damages  in  elements  5  and  95 (a), and Damages in 
elements 1 and 99 (b). 
 
Fig. 5 presents the abilities and sensitivities of the defined methods for different values of the damage intensities. Signal 
energy could detect damage for various intensities of damaged elements with specified knobs in the graph (a). However, in 
the wavelet method, all of the intensities are the same which is not a good sign for this method. 
  
Figure 5: Damage detection using signal energy for scenario no.5 (a) and scenario no.6. (b).  
 
Fig. 6 (graphs a,c) shows that the wavelet transforms for clamped-clamped boundary conditions in contrast with pined-
pined supports, have better performance even for damaged elements with 5% intensity deficiency. Therefore, for such 
boundary conditions of the beams, the wavelet coefficients are relatively able to detect the local damages. 
As can be seen from Fig. 6-c, when the damaged elements are close to each other, a significant disturbance appears in the 
vicinity of the damaged elements. In the clamped-clamped beams, when the damages are near the supports, because of the 
existence of disorders due to the supports, the wavelet coefficients are not able to detect the damages and extension of the 
mode shapes could not resolve this deficiency (graph a). Graphs b, d in Fig. 6 reveal that signal energy is successful in 
detecting damages in clamped-clamped beams. However, it should be noted that mode shapes in this type of beams are not 
a sinusoidal form, and the energy of mode shapes is not constant but had a curved form. In such a situation, if the damaged 
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elements are near the supports, the curvature and the value of energy are negligible, and as a result, the detection process is 
not easy. 
Fig. 7 displays damage identification for a beam with a spread-configuration of damage using the prescribed methods. As 
can be seen from this figure, the wavelet doesn't show acceptable performance even for this damage configuration. 
Oppositely, signal energy is able to detect the spread of damages very well. 
 
 
Figure 6:  Damage  detection:  wavelet  transform  for  scenario  no.  7 (a),  signal  energy  for  scenario no.7 (b), wavelet transform for 
scenario no. 8 (c) and signal energy for scenario no.8 (d) 
 
 
Figure 7: Damage detection using wavelet transform for scenario 9 (a), and signal energy for scenario 9 (b) 
 
Results in noisy conditions 
When the noise is added to the mode shapes, the damage detection procedure will be influenced by the added noise. For 
this purpose, using the following function in MATLAB, the noisy data are produced. 
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 n 0y =awgn(y ,SNR)           (13) 
 
where 0ny , y are the output signal as a contaminated mode shape and the input signal as a clean mode shape, respectively. In 
order to simulate the noisy conditions for mode shapes, the scenarios listed in Tab. 3 have been taken into account. In all 
scenarios, the damage intensities are 5%.   
 
Scenario 
no. 
Support  
condition  
No. of 
damaged 
elements 
SNR (%)  
Order of mode 
shape in 
wavelet and 
signal energy  
10 Pined-Pined 10,50 75 1 
11 Pined-Pined 10,50 75 5 
12 Clamped-Clamped 28,72 75 2 
13 Clamped-Clamped 28,72 75 5 
14 Pined-Pined 20,80 65 3 
15 Clamped-Clamped 28,72 65 5 
16 Clamped-Clamped 28,72 55 6 
 
Table 3: The scenarios for damage detection in noisy conditions. 
 
 
Figure 8: Damage detection using signal energy and wavelet transform in scenarios 10 (a) to 13 (d).  
 
When the SNR=75% is added to the responses, modal curvatures from lower mode shapes are distorted,  and both wavelet 
coefficients and energy signal methods required employing the higher mode shapes, namely higher than the 5th mode. As 
noted before, the applied wavelet transform does not represent an appropriate performance in the detection of low-
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intensities in pined-pined beams. It turns out that in the noisy condition ( SNR=75%) wavelet transform could not detect 
damages even using higher modes. However, in clamped-clamped beams, the wavelet transform can detect the damages 
using 5th mode shape data.  
Fig. 8 presents the damage detection for scenarios 10 to 13 in noisy conditions. In scenario no.10, when the lower mode 
shape data is used, the detection is impossible, and employing the higher modes is needed. In scenario 11, the 5th mode 
shape information for damage detection is employed, and detection is clear. In opposite to the signal energy technique, the 
use of high and low mode shapes in the wavelet transform method doesn’t lead to significant improvement (graphs c, d). 
When the values of SNR are reduced, both wavelet transform and energy signal methods could not detect the damages even 
after applying of the 5th and 6th order of the mode shapes. In this paper, to solve this problem, a combination of discrete 
wavelet and signal energy methods has been employed. For detection of damages, firstly, a discrete wavelet is applied on 
the curvature of the mode shape as a noisy response and then approximate and detail wavelet coefficients have been 
extracted using Eqn.(4). Because the signal is noisy, the coefficients are not able to detect the locations of the damaged 
elements, and the appeared disorders in the damaged elements have been affected by the noise. Nevertheless, by applying 
the signal energy operator in approximate wavelet, damage detection successfully has been obtained. 
Fig. 9, displays the locations of damaged elements in SNR=65%. As can be seen from this figure, signal energy and wavelet 
transform individually are not able to detect the damaged elements. As can be seen from graph d, the combination of the 
proposed method has enough capability to identify the damages. However, near the supports, undesirable irregularities are 
clearly observed.   
 
 
Figure 9: Damage detection for scenario no.14 using: only signal  energy  operator (a), wavelet coefficient detail (b), wavelet coefficient 
approximate (c) combination of wavelet and signal energy (d). 
  
Fig. 10, illustrates the identification of damaged elements for SNR=65% and 55%. As seen from this figure, the combination 
of signal energy and wavelet transforms methods could successfully detect the damaged elements. 
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Figure 10: Damage detection using signal energy for scenarios 15  or SNR= 65% (a), and for scenario no.16 or SNR=55% (b). 
 
 
CONCLUSIONS  
 
his paper utilizes the discrete wavelet transforms and Teager energy operator methods for damage detection for 
noisy and clean data. The results show the superiority of the signal energy in comparison with wavelet coefficients. 
Moreover, the results confirm that each individual method in noisy conditions is not suitable for the detection of 
damages, but the combination of them has a great performance. Based on this investigation for the mentioned wavelet 
transforms and scenarios, the following conclusions could be drawn. 
1- The signal energy method is able to detect damage using the 1st and the 2nd mode shapes with a 5% intensity in clamped-
clamped beams. However, when the cracks are in the vicinity of the supports, the higher mode shape, e.g. the 6th mode 
shape or higher than it is needed. Wavelet transforms in the detection of damages with low intensities have poor 
performance in pined-pined beams. Moreover, for the detection of crack close to the support by means of wavelet 
transforms, the extension of the mode shape from both sides is required. Therefore,  this problem makes detection difficult.  
2- For clamped-clamped beams, signal energy has enough capabilities to detect damage using the first mode shape for low 
intensities. However, when the detection of damage is required near the supports, the higher mode shape data should be 
taken into account. Wavelet transforms have better performance for clamped-clamped beams, compared to the pined-pined 
ones. However, when the cracks are near the supports, this method is inefficient.   
3- The sensitivity of signal energy is higher for all intensities of damages while wavelet transforms are insufficiently sensitive 
to various intensities. Therefore, in practice applying the energy method is recommended. When the value of SNR is equal 
to 75%, the signal energy method with higher mode shapes data can detect even low damages, while lower mode shapes are 
affected with noise, and detection is impossible. Wavelet transforms at noisy conditions could not detect the damages at 
pined-pined beams. When the values of SNR are reduced to 65% or 55%, even the signal energy method could not detect 
the damaged elements. In these cases, the combination of energy and wavelet is required for proper flaw detection. 
Nonetheless, using the higher mode shapes is strongly recommended.  
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